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. [15] , Painleve Lax .
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1
Painleve 20 ( $[$6 $]$ , $[$ 12]
$)$ . , Painleve ,
, ,
.
[12] , Painleve , 3





mul. $E_{8}^{(1)}arrow E_{7}^{(1)}arrow E_{6}^{(1)}arrow D_{5}^{(1)}arrow A_{4}^{(1)}arrow A_{2+1}^{(1)}arrow A_{1+1}^{(1)}arrow A_{1}^{(1)}arrow \mathcal{D}_{6}$
add. $E_{8}^{(1)}arrow E_{7}^{(1)}arrow E_{6}^{(1)}$ $arrow$
$D_{4}^{(1)}arrow A_{3}^{(1)}\searrow\backslash arrow A_{1+1}^{(1)}arrow A_{1}^{(1)}arrow \mathbb{Z}_{2}\downarrow$
$A_{2}^{(1)}arrow A_{1}^{(1)}arrow 1$
Painleve [12] , 2 Painleve
. , $E_{8}^{(1)}$ ,
1.
, Painleve ,
(Lax ) . Lax , Painleve
,
.
, Painleve , Lax (
[1] [3] [4] [5] [7] ). $D_{5}^{(1)}$ $q$- .
, , $q$-PVI
1 , .




$ff= \frac{(\dot{g}-b_{1})(\dot{g}-b_{2})}{(\dot{g}-b_{3})(\dot{g}-b_{4})}a_{3}a_{4}$ , $\dot{g}g=\frac{(f-a_{1})(f-a_{2})}{(f-a_{3})(f-a_{4})}b_{3}b_{4}$ ,
$(f, g)\in \mathbb{P}^{1}\cross \mathbb{P}^{1}$ , $a_{i},$ $b_{i}$ , $q=a_{3}a_{4}b_{1}b_{2}/(a_{1}a_{2}b_{3}b_{4})$
.
$q- P_{vi}$ (1) , , $2\cross 2$ Lax :
$Y(qz)=A(z)Y(z)$ , $T(Y(z))=B(z)Y(z)$ , (2)
, $Y(z)$ 1 $y(z)$














, $C_{1},$ $\ldots,$ $C_{6}$ $z$ . ,
, Lax
.
, $E_{8}^{(1)}$ Painleve’ , Lax
[15]. Lax (6) Painleve’
$(f, g)$ . ,
$E_{8}^{(1)}$ Boalch[4] , , , Arinkin,
Borodin, Rains [2],[11] .
. 2 , Painleve
$\mathbb{P}^{1}\cross \mathbb{P}^{1}$ . 3 , Painleve’ Lax
180
. 4 . 5
, Lax , Painleve (
56) . $A,$ $B$ , Painleve .
$C$ , , $D$ Lax .
,
. , (3) (5) Lax 2 .
$y(z)$ . , $(f, g)$
. , $(f, g)\in \mathbb{P}^{1}\cross \mathbb{P}^{1}$
. , $y(z),$ $y(qz),$ $y(z/q)$ $T^{-1}(y(z))$
. q-Piv Lax (3) (5) ,
:
1.1 (3) , $\mathbb{P}^{1}\cross \mathbb{P}^{1}$ (3,2) , 12
:
$(0,$ $b_{1}/q),$ $(0,$ $b_{2}/q),$ $(\infty,$ $b_{3}),$ $(\infty,$ $b_{4}),$ $(a_{1},0),$ $(a_{2},0),$ $(a_{3},$ $\infty),$ $(a_{4},$ $\infty)$ ,
$(z, \infty),$ $( \frac{z}{q},$ $0),$ $(z,$ $\frac{a_{1}a_{2}}{q}\frac{y(z)}{y(qz)}),$ $( \frac{z}{q},$ $\frac{a_{1}a_{2}}{q}\frac{y(z/q)}{y(z)})$ . (7)
, (5) 3 (1, 1) :
$(\infty, \infty),$ $(z,$ $\frac{a_{1}a_{2}}{q}\frac{y(z)}{y(qz)}),$ $(z- \frac{a_{1}a_{2}}{z}\frac{y(z)}{T^{-1}y(z)},$ $0)$ . (8)
, Painleve $\mathbb{P}^{2}$ 9 $\mathbb{P}^{1}\cross \mathbb{P}^{1}$











$P_{1}P_{8}$ $\mathbb{P}^{1}\cross \mathbb{P}^{1}$ 8 , . ,
8 (2,2) $C_{0}$ .
$C_{0}$ $\varphi_{22}(f, g)=0$ . $(f, g)$ $\mathbb{P}^{1}\cross \mathbb{P}^{1}$ .
, (i) (ii) Painleve $T=T_{ij}(1\leq i\neq j\leq 8)$ .
(i)Painleve $P_{1},$ $\ldots$ , Ps :
$T(P_{k})=P_{k}$ , $(k\neq i,j)$ ,
$P_{1}+\cdot\cdot\cdot$ $+P_{i-1}+T(P_{i})+P_{i+1}+\cdot\cdot\cdot$ $+P_{8}=0$ , (9)
$T(P_{i})+T(P_{j})=P_{i}+P_{j}$ ,
, $P_{1},$ $\ldots$ , Ps $C_{0}$ .
(ii)Painleve $P$ : $P_{i}$ 7 $P$ $C$
( $T(P_{i})$ $C$ ). $T(P)$ ,
$T(P_{i})+T(P)=P_{j}+P$, (10)
, $C$ .
$C_{0}$ , Jacobian $P_{u}=(f_{u}, g_{u})$
. , (1) $P_{u}+P_{v}=P_{u+v}$ . (2) $C_{mn}$ $(m, n)$ , $P_{x_{i}}$
$(i=1, \ldots, 2(m+n))$ $C_{mn}$ $C_{0}$ ,
$mh_{1}+nh_{2}-x_{1}-\cdots-x_{2(m+n)}=0$ , ( $mod$ . period) (11)
$h_{1},$ $h_{2}$ .
$u_{i}$ $P_{i}=P_{u_{i}}$ , $\delta=2h_{1}+2h_{2}-u_{1}-\cdots$ –us 2.
$f_{u}=f_{h_{1}-u}$ $g_{u}=g_{h_{2}-u}$ .
$f_{u}= \alpha\frac{[u+a][u-h_{1}-a]}{[u+b][u-h_{1}-b]}$ , $g_{u}= \beta\frac{[u+c][u-h_{2}-c]}{[u+d][u-h_{2}-d]}$ , (12)
. $[u]$ $\alpha,$ $\beta,$ $a,$ $b,$ $c,$ $d$ $\mathbb{P}^{1}\cross \mathbb{P}^{1}$
$(f, g)$ (PSL(2) $\cross$ PSL(2) ) . $\mathbb{P}^{1}\cross \mathbb{P}^{1}$
Painleve’ , Weierstrass $\wp$
[10].




$ti_{k}=u_{k}$ , $(k\neq 1,2)$ , $\dot{u}_{1}=u_{1}-\delta$ , $\dot{u}_{2}=u_{2}+\delta$ . (14)




2.1 $\Phi_{mn}(p_{1}^{m_{1}}p_{2}^{m_{2}}\cdots)$ $(m, n)$ $p_{i}$ $m_{i}$ $(f, g)\in \mathbb{P}^{1}\cross \mathbb{P}^{1}$
.
$\Phi_{mn}(p_{1}^{m_{1}}p_{2}^{m_{2}}\cdots)$ $F$ ( )
. $p_{1},$ $p_{2},$ $\cdots$ , . (i) (ii)
, 7 (2,2) $\Phi_{22}(P_{1}P_{3}\ldots$ Ps $)$ 8
, $T(P_{2})$ . ,
$\Phi_{mn}^{d}(p_{1}^{m}1p_{2}^{m_{2}}\cdots|p_{1}^{\prime n_{1}}p_{2}^{\prime n}2\ldots)$ , (15)
. $d$ $p_{1}^{n_{1}}p_{2}^{n}2\ldots$ , ( )




1 2 ( Painleve Lax
).
$C_{0}$ ( ) $P_{z}$ . $z$ Lax
. $y=y(z)$ ,
$\overline{F}(z)=F(z+\delta)$ , $\underline{F}(z)=F(z-\delta)$ . (17)
Lax :
(Ll) $L_{1}=C_{1}\underline{y}+C_{2}y+C_{3}\overline{y}=0$,
(L2) $L_{2}=C_{4}\underline{y}+C_{5}y+C_{6}\dot{y}=0$ . (18)
$\dot{y}=T(y)$ , $C_{1},$ $\ldots$ , $C_{6}$ $P_{1},$ $\ldots,$ $P_{8}$ , $P=(f, g)$ .
(18) $(f, g)\in \mathbb{P}^{1}\cross \mathbb{P}^{1}$
.
1 Lax (Ll) .




$\ldots$ , Ps $z$ 9, $y,$ $\underline{y}$ .
, $L_{1}=0$ :
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(Lla) $L_{1}\in\Phi_{32}^{3}(P_{1}\ldots P_{8}P_{z}|P_{h_{1}-\underline{z}})$ .
(Llb) $L_{1}=0$ $Q_{z}$ $Q_{\underline{z}}$ .
3.2 (Lla),(Llb) $L_{1}=0$ , (18) (Ll)
.
. (3, 2) 12 . (Lla) 9 ,
3
$c_{1}G_{1}(f, g)+c_{2}G_{2}(f, g)+c_{3}G_{3}(f, g)=0$ (20)
(Lla) . (Llb) $c_{1},$ $c_{2},$ $c_{3}$ 2
. $L_{1}=0$ .
$\underline{y},$ $y,$ $\overline{y}$ , :
$G_{1}=(f-f_{z})\varphi_{22}(f, g)$ , $G_{2}=\varphi_{32}(f, g)$ , $G_{3}=(f-f_{\underline{z}})\varphi_{22}(f, g)$ . (21)
, $\varphi_{22}=0$ $C_{0}$ , $\varphi_{32}$ , $f=f_{z}$ $f=f_{\underline{z}}$
$P_{h_{1}-\underline{z}}$ (3,2) .
$G_{1}=0$ , $G_{2}\propto(g-g_{z})^{2}$ , $G_{3}\propto(g-g_{z})(g-g_{h_{1}-z})$ , for $f=f_{z}$ , (22)
$G_{1}\propto(g-g_{\underline{z}})(g-g_{h_{1}-\underline{z}})$ , $G_{2}\propto(g-g_{h_{1}-\underline{z}})^{2}$ , $G_{3}=0$ , for $f=f_{\underline{z}}$ ,
. , $c_{1}\propto\underline{y},$ $c_{2}\propto y,$ $c_{3}\propto\overline{y}$ . $\square$
(18) 2 Lax (L2) .
33 $Q_{u_{1}}$ $(f, g)\in \mathbb{P}^{1}\cross \mathbb{P}^{1}$ .
$Q_{u_{1}}\in\{f=f_{u}1\}\cap\{(g-g_{u}1)y=(g-g_{h_{1}-u1})\dot{y}\}$ , (23)
$y,\dot{y}$ . , $L_{2}=0$
$(L2a)$ $L_{2}\in\Phi_{32}^{3}(P_{13\cdot 8u-u_{1}}P.. PP_{z+2}P_{h_{1}-\underline{z}}|P_{1})$ .
$(L2b)$ $L_{2}=0$ (19) $Q_{\underline{z}}$ $Q_{u_{1}}$ .
(11) , $L_{2}=0$ $C_{0}$ , .
$(L2a),(L2b)$ (18) (L2) 3.2
. , , $L_{2}=0$
$c_{1}(f-f_{1})\varphi_{22}\underline{y}+c_{2}F_{32}(h_{1}-\underline{z})y+c_{3}(f-f_{\underline{z}})\varphi_{22}\dot{y}=0$. (24)
$F_{32}(h_{1}-\underline{z})=0$ $f=f_{i}$ $f=f_{\underline{z}}$ $P_{1}$ $P_{h_{1}-\underline{z}}$
. , $F_{32}(h_{1}-\underline{z})=0$









, $f,$ $g,$ $f$ $\dot{g}$ . ( 42, 44
49) , Lax .
4.1 $Q=(x, y)\in \mathbb{P}^{1}\cross \mathbb{P}^{1}$ , $F=F(f, g)$ $F\in\Phi_{54}^{1}(P_{1}^{4}P_{3}^{2}\cdots P_{8}^{2}Q)$
$(f, g)$ . $t=\dot{x}\Leftrightarrow F=0$ .
. $B$ $T$ , $P=(f, g)$ $\dot{P}=(f,\dot{g})$
:
$f= \frac{F_{1}(f,g)}{F_{2}(f,g)}$ , $\dot{g}=\frac{G_{1}(f,g)}{G_{2}(f_{l}g)}$ . (25)
, $F_{1},$ $F_{2}\in\Phi_{54}^{2}(P_{1}^{4}P_{3}^{2}\cdots P_{8}^{2})$ . , $F\in\Phi_{54}^{1}(P_{1}^{4}P_{3}^{2}\cdots P_{8}^{2}Q)$
$F\propto F_{1}(P)F_{2}(Q)-F_{2}(P)F_{1}(Q)$ . $F=0\Leftrightarrow f=F_{1}(P)F_{2}(P)=$
$F_{1}(Q)/F_{2}(Q)=\dot{x}$ $($ $F_{2}(P)\neq 0,$ $F_{2}(Q)\neq 0)$ . $\square$
$P$ $P=P_{z}\in C_{0}$ , (10)
$\dot{P}_{z}=P_{z+u_{1}-u_{2}-\delta}$ , (26)
. , $Q=P_{z+\delta-u1+u2}$ $(i.e. \dot{Q}=P_{z})$ .
4.2 $\varphi_{54}(z)\in\Phi_{54}^{1}(P_{1}^{4}P_{3}^{2}\cdots P_{s}^{2}P_{z+\delta-u_{1}+u}2|P_{h_{1}+\delta-z-u_{1}+u_{2}})$ , $f=f_{z}$
$\varphi_{54}(z)=0$ .
$t$ 1 , ( 53) . ,
$F_{32}(z)$ $\dot{g}$ . , $\mathbb{P}^{1}\cross \mathbb{P}^{1}$ involution
$r:(f, g)\mapsto(f,\tilde{g}(f, g))$ . (27)
. . $Q=(x, y)$ , $F(f, g)\in\Phi_{2_{7}2}^{1}(P_{1}\dot{P}_{2}P_{3}\cdots P_{8}Q)$
. , special 8 $P_{1}\dot{P}_{2}P_{3}\cdots$ Ps (2,2) pencil $Q$
$F=0$ . $f=x$ $g$ 2 $F(x, g)=0$ 2
, $(g=y)$ $g=\tilde{g}(x, y)$ . $\tilde{g}(f, g)$ , $f$ 4
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$g$ 1 , $\Phi_{41}^{2}$ $(P_{1}P_{3} . . P_{8}|\dot{P}_{2})$
. , $C_{0}$ ,
$r(P_{z})=P_{h_{1}-z}$ , (28)
.
$r$ Pic $($X $)$
$r(H_{1})=H_{1}$ , $r(H_{2})=4H_{1}+H_{2}-E_{1}-\cdots$ – $Es$ , $r(E_{i})=H_{1}-E_{i}$ , (29)
( , $E_{2}$ $\dot{P}_{2}$ ). , $r$ $T$
$\lambda/.r/.T=\lambda$ , $\lambda=3H_{1}+2H_{2}-2E_{1}-E_{3}-\cdots E_{8}$ , (30)
. (72) (29) .r $=H_{1}+\delta+E_{1}-E_{2}$ , $\lambda/.r.T=\lambda$
. , .




. $F_{i}(P)F_{3}(P’)=F_{3}(P)F_{i}(P’)(i=1,2)$ , (3,2)
12 . 11 : $P_{1}$ $($ $2^{2}=4),$ $P_{3},$ $\ldots,$ $P_{8}$
$P’=P$ . , (30)
$rT(P)$
.
44 $\{F_{1}, F_{2}\}$ $\Phi_{3,2}^{2}(P_{1}^{2}P_{3}\cdots P_{8}P_{z})$ ,
$rT( \frac{F_{1}}{F_{2}})=\frac{F_{1}}{F_{2}}$ , $(\forall z)$ . (32)
, $\mathcal{F}$ . ( 49)
. $(f, g)$ , $\mathcal{F}$
$\mathcal{F}\in\Phi_{32}^{2}(P_{1}^{2}P_{3}\cdots P_{8}Q)$ , $\frac{\partial \mathcal{F}}{\partial g}|_{P=Q}=0$. (33)
$\mathcal{F}$ $\mathcal{F}|_{Q=P_{z}}$ (3.4) $F_{32}(z)$ . $\mathcal{F}$
, $Q$ . $\mathcal{F}$
$Q=(x, y)$ . .
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4.5 $Q=(x, y)$ , $\mathcal{F}$ (5, 2)
$j$
$P_{1}(2$ $)$ , $P_{3},$ $\cdots$ , Ps,
$P$ $($ $1$ $)$ . .
$\frac{\partial \mathcal{F}}{\partial y}=0$ . $(Q=P_{3}, \ldots, P_{8}, P)$ (34)
. $12\cross 12$ :
$D=m_{P_{1}} \wedge\frac{\partial m_{P_{1}}}{\partial f}\wedge\frac{\partial m_{P_{1}}}{\partial g}\wedge m_{P_{3}}\wedge\cdots\wedge m_{P_{8}}\wedge m_{P}\wedge m_{Q}\wedge\frac{\partial m_{Q}}{\partial y}$, (35)
$m_{(f,g)}=\{(1, f, f^{2}, f^{3}),$ $(1, f, f^{2}, f^{3})g,$ $(1, f, f^{2}, f^{3})g^{2}\}\in \mathbb{C}^{12}$ (36)
(3, 2) . $(f, g)$ , $D$
(33) . $Q=(x, y)$ , $D$
(6, 4) , $y$ 2 . $y$ $m_{Q} \wedge\frac{\partial m_{Q}}{\partial y}$
$\ovalbox{\tt\small REJECT}$ )
$\{(1, x, x^{2}, x^{3}),$ $(1, x, x^{2}, x^{3}) \frac{y}{2},$ $(0,0,0,0)\}$
$\wedge\{(0,0,0,0),$ $(1,$ $x,$ $x^{2},$ $x^{3}),$ $(1,$ $x,$ $x^{2},$ $x^{3})2y\}$ .
(37)
, $D$ (x–fi) $(P_{1}=(fi, g_{1}))$ . .
$2m_{P_{1}}+(y-g_{1}) \frac{\partial m_{P_{1}}}{\partial g_{1}}-2m_{Q}+(y-g_{1})\frac{\partial m_{Q}}{\partial y}=0$ at $x=f_{1}$ . (38)
, $\mathcal{F}=D/(x-fi)$ $(x, y)$ (5, 2) .
(35) . 17
, $($ 5, 2 $)$
46 (35) $D$ ,
$D=(g-g_{1})^{2}(x-f_{1})^{2}G$ , $(f=f_{1})$ . (39)
, $G$ $P=(f, g)$ , $Q=(x, y)$ (4, 2) , .
.
$G= \frac{\partial G}{\partial y}=0$ , $(Q=P_{1}, P_{3}, \cdots, P_{8})$ . (40)
. $D|_{f=f_{1}}\propto(g-g_{1})^{2}$ , .
$D= \frac{\partial D}{\partial x}=0$ , $(f=x=f_{1})$ . (41)
187




, $M_{11}\wedge M_{12}$ $\frac{\partial}{\partial x}(M_{11}\wedge M_{12})$ $M_{1}\wedge M_{3}\wedge M_{10}$
47 $G$ 4.6 , $A=A(x),$ $B=B(x),$ $C=C(x)$ ,
involution $r$ : $(x, y)\mapsto(x,\tilde{y})(27)$ 1
$\tilde{y}=\tilde{y}(x, y)=-\frac{A+By}{B+Cy}$ , (43)
. , $G=A+2By+Cy^{2}$ .
. $Q=(x, y)$ , $\phi_{22}(f, g)=\phi_{22}(f, g;x, y)$ $\Phi_{22}^{1}(P_{1}P_{3}\cdots P_{8}Q)$ $P=$
$(f, g)$ . involution $r$ ,
$\phi_{22}(x,\tilde{y};x, y)=(y-\tilde{y})(A+B(y+\tilde{y})+Cy\tilde{y})$ , (44)
. , $\phi_{22}(f, g;x, y)$ $9\cross 9$
$\phi_{22}(f, g;x, y)=m_{p_{1}}\wedge m_{p_{3}}’\wedge\cdots\wedge m_{p_{8}}\wedge m_{Q}\wedge m_{p}$ (45)
. $m_{(f,g)}\in \mathbb{C}^{9}$ (2,2) $f^{i}g^{j}(0\leq i,j\leq 2)$
. ,
$A+2By+Cy^{2}= \frac{1}{y}im\frac{\phi_{22}(x,\tilde{y};x,y)}{y-\tilde{y}}arrow y$
$=m_{P_{1}}’ \wedge m_{P_{3}}\wedge\cdots\wedge m_{P_{8}}\wedge m_{Q}\wedge\frac{\partial m_{Q}}{\partial y}$ ,
(46)
. (X, y) (4, 2) , 46 $G$
48 $G=A+2By+Cy^{2}$ $\tilde{y}=\tilde{y}(x, y),\tilde{g}=\tilde{g}(f, g)$ ,
.
$\frac{G(x,\tilde{y})}{G(x,y)}=\frac{AC-B^{2}}{(B+Cy)^{2}}=\frac{\partial\tilde{y}}{\partial y}=-\frac{(\tilde{g}-\tilde{y})(g-\tilde{y})}{(\tilde{g}-y)(g-y)}|_{f=x}$ . (47)
188
. , (43)





. 46, 47 48 .
5
, 3.1 33 Lax (Ll), (L2) .
4 step (Fig. 1).
1. (Ll) (L2) $\underline{y}$ $arrow y,$ $\overline{y},\dot{y}$ (L3).
2. (L2) (L3) $\underline{y}$ $arrow y,\dot{y},$ $\underline{\dot{y}}$ (L4).
3. (L2) (L3) 9 $arrow y,\dot{y},$ $\overline{\dot{y}}$ (L5).
4. (L4) (L5) $y$ $arrow\dot{y},$ $\underline{\dot{y}},$ $\overline{y}$ (L6).
$(L6)\Leftrightarrow T_{21}$ (Ll) , ( 56) .
Figure 1: Lax equations
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, L3 L6 . .
Step 1:
5.1 Lax $L_{3}=0$ .
$(L3a)$ $L_{3}\in\Phi_{32}^{3}(P_{1}P_{3}\cdots$ $P_{z}P_{h_{1}+\delta-z-u+u2}1|P_{1})$ .
$(L3b)$ 2 $Q_{u_{1}}(23)$ $Q_{z}(19)$ .
. $(L3b)$ , (Llb) $(L2b)$ . , $(L3a)$
. Lax (LI),(L2) :
(Ll) $L_{1}=(f-f_{z})\varphi_{22}\underline{y}+Fy+*(f-f_{\underline{z}})\varphi_{22}\overline{y}=0$ ,
(50)(L2) $L_{2}=(f-f_{1})\varphi_{22}\underline{y}+F’y+*(f-f_{\underline{z}})\varphi_{22}\dot{y}=0$.
, $F,$ $F$‘ (3, 2) , $*$ $(f, g)$ .
$(f-f_{i})L_{1}-(f-f_{z})L_{2}=0$ , $y,$ $\overline{y},\dot{y}$ 3 .
(4, 2) , $f-f_{\underline{z}}$ . , ,
$f=f_{\underline{z}}$ $g$ $y=0$ (Llb) $(L2b)$ 2
. (3,2) , $C_{0}$ : $\varphi_{22}=0$ $P_{1}^{2}P_{3}\cdots$ P8Pz(
$P_{h\text{ }+\delta-z-u_{1}+u_{2}})$ . $L3\in\Phi_{32}^{3}(P_{1}P_{3}\cdots P_{S}P_{z}P_{h_{1}+\delta-z-u_{1}+u}2|P_{1})$ .




(L3) $\overline{y}-A_{3}(z)y+B_{3}(z)\dot{y}=0$ , (51)
, .
$A_{3}(h_{1}-\underline{z})=A_{2}(z)$ , $B_{3}(h_{1}-\underline{z})=B_{2}(z)$ . (52)




$(L4b)$ 2 $Q_{u}1(23)$ $Q_{\underline{z}}$ .
, $\dot{Q}_{\underline{z}}$ .
$\dot{Q}_{\underline{z}}\in\{f=f_{\underline{z}}\}\cap\{(\dot{g}-g_{h_{1}-\underline{z}})\dot{y}=(\dot{g}-g_{\underline{z}})\underline{\dot{y}}\}$ . (53)
. (L2) (L3) $\underline{y}$ $y,$ $\underline{\dot{y}},\dot{y}$ 3 , (6, 4)
, 5.1 , $f-f_{\underline{z}}$ .
$L_{4}$ , $\Phi_{54}^{3}(P_{1}^{3}P_{3}^{2}\cdots P_{s}^{2}P_{z-u_{1}+u}P_{h_{1}+2\delta-z-u_{1}+u_{2}}2|P_{1})$
. , $(L4b)$ , $Q_{u_{1}}$ , $(L2b)$ $(L3b)$
.
$(L4b)$ $\dot{Q}_{\underline{z}}$ , , $t=f_{\underline{z}}$ , (L4) $y$




(L3) $y-A_{2}(z’)\underline{y}+B_{2}(z’)\underline{\dot{y}}=0$ , (54)





$K=1-A_{2}(z)A_{2}(z’)$ . $K$ $(f-fi)^{2}\varphi_{22}^{2}-F_{32}(h_{1}-\underline{z})F_{32}(h_{1}-\underline{z’})$
$(f-f_{\underline{z}})$ , $K_{1}$ ,
$3F_{32}$ . $c(z)$ $f,$ $g$ .
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$F_{32}(h_{1}-\underline{z})$ : $P_{1}(2$ $)$ , $P_{3},$ $\ldots$ , $P_{8},$ $P_{h_{1}-\underline{z}},$ $P_{z-u+u_{2}}1$ ’
$F_{32}(h_{1}-\underline{z’})$ : $P_{1}(2$ $)$ , $P_{3},$ $\ldots$ , Ps, $P_{\underline{z}},$ $P_{h_{1}+2\delta-z-u_{1}+u_{2}}$ ,
,
$K_{1}\propto\varphi_{54}(\underline{z})\in\Phi_{54}^{1}(P_{1}^{4}P_{3}^{2}\cdots P_{8}^{2}P_{z-u_{1}+u_{2}}|P_{h_{1}+2\delta-z-u_{1}+u_{2}})$ . (56)
42 , $K=K_{1}=0$ $(f=f_{\underline{z}}$ $)$ . (55) ,
$\frac{\underline{\dot{y}}}{\dot{y}}=-b(z)A_{2}(z’)$ , $(f=f_{\underline{z}})$ (57)
. $(f, g)$ $\frac{B_{2}(z)}{B_{2}(z’)}$ $b(z)$ .
$A_{2}(z’)|_{f=f_{\underline{z}}}$ . $(L2b)$ $Q_{\underline{z}}$ , $f=f_{\underline{z}}$
$A_{2}(z)|_{f=f_{\underline{z}}}= \frac{\underline{y}}{y}|_{f=f_{\underline{z}}}=\frac{g-g_{h_{1}-\underline{z}}}{g-g_{\underline{z}}}$ . (58)
, 44 : $A_{2}(z;f, g)=rT(A_{2}(z;f, g))=A_{2}(z;t,\tilde{\dot{g}})$ ,
$A_{2}(z)|_{f=f_{\underline{z}}}= \frac{\tilde{\dot{g}}-g_{\underline{z’}}}{\tilde{\dot{g}}-g_{\underline{z}}}$, i.e. $A_{2}(z’)|_{f=f_{\underline{z}}}= \frac{\tilde{\dot{g}}-g_{\underline{z}}}{\tilde{\dot{g}}-g_{\underline{z}}}$ , (59)
,
, $b(z)$ . $(L2b)$ $Q_{u1}$ , $f=fi$
$f arrow f\lim_{1}\frac{A_{2}(z)}{B_{2}(z)}=\frac{\dot{y}}{y}|_{f=f_{1}}=\frac{g-g_{u}1}{g-g_{h_{1}-u}1}$ (60)
. $z$ , $A_{2}(z)= \frac{F_{32}(h_{1}-\underline{z})}{(f-f_{1})\varphi_{22}}$ ,
$b(z)= \frac{B_{2}(z)}{B_{2}(z’)}=\frac{A_{2}(z)}{A_{2}(z)}|_{f=f_{1}}=\frac{F_{32}(\underline{z’})}{F_{32}(\underline{z})}|_{f=f_{1}}$ . (61)
, 4.9 $Q=(x, y)=P_{\underline{z}}$ , $x=f_{\underline{z}}=f_{\underline{z’}},$ $y=g_{\underline{z}},\tilde{y}=g_{\underline{z’}}$ ,
$\mathcal{F}|_{Q=P_{\underline{z}}}\propto F_{32}(\underline{z})$ ,
$\frac{F_{32}(\underline{z’})}{F_{32}(\underline{z})}|_{f=f_{1}}=\frac{\mathcal{F}(f,g,x,\tilde{y})}{\mathcal{F}(f,g;x,y)}|_{f=f_{1},Q=P_{\underline{z}}}=-\frac{(\tilde{\dot{g}}-g_{\underline{z’}})(\dot{g}-g_{\underline{z’}})}{(\tilde{\dot{g}}-g_{\underline{z}})(\dot{g}-g_{\underline{z}})}|_{\dot{f}=f_{\underline{z}}}$ , (62)
. , $f$ , $g$
, $(f, g)$ $(f_{\dot{g}})$ .
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(59), (61) (62)
$\frac{\underline{\dot{y}}}{\dot{y}}=\frac{\dot{g}-g_{\underline{z’}}}{\dot{g}-g_{\underline{z}}}$ , $(f=f_{\underline{z}})$ . (63)
. $(L4b)$ $\dot{Q}_{\underline{z}}$ .
Step 3:
54Lax $L_{5}=0$ :





$(L6a)$ $L_{6}\in\Phi_{76}^{3}(P_{1}^{5}P_{2}P_{3}^{3}\cdots P_{81+2}^{3}P_{z+\delta u}-u|P_{h_{1}+2\delta-z-u_{1}+u}2)$ .




$y$ $\varphi_{54}(z)L_{4}-\varphi_{54}(\underline{z})L_{5}=0$ . (10, 8) ,
$(f-fi)\varphi_{22}$ . (7, 6)
. $L_{4}$ $L_{5}$
.
56 $($ ) (L6) (Ll) $T=T_{21}$ :
$u_{i}\mapsto\dot{u}_{i}$ , $y\mapsto\dot{y}$ , $(f, g)\mapsto(f_{\dot{g}})$ . (66)
, Lax (Ll)(L2) , $(f, g)$ $T$ Painleve’
.
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. (L6) , $T(L1)$
.
(1) (72) ,
$T(L1)\in T(H_{1}+\delta)=H_{1}+3\delta-2E_{1}+2E_{2}$ . (67)
(2) (Ll) $P=P_{z}$ $P=P_{h_{1}+\delta-z}$ ,
$T(L1)$ , $\dot{P}=$ $\dot{P}=P_{h_{1}+\delta-z}$ . (26) , $T(L1)$
$P=(f, g)$ , $P=P_{z-u_{1}+u+\delta}2$ $P=P_{h2\delta-z-u+u}1+12$
.
2 , $T$(Ll) 55 $(L6a)$ . ,




$\mathbb{P}^{1}\cross \mathbb{P}^{1}$ 8 $P_{1},$ $\cdots,$ $P_{8}$ blow up $X$ . Picard
Pic(X) :
Pic(X) $=\mathbb{Z}H_{1}\oplus \mathbb{Z}H_{2}\oplus \mathbb{Z}E_{1}\oplus\cdots\oplus \mathbb{Z}E_{8}$, (68)
$H_{1},$ $H_{2}$ $\mathbb{P}^{1}\cross \mathbb{P}^{1}$ (1,0) (0,1) , $E_{j}(j=1, \ldots, 8)$
$P_{j}$ blow up .
$(H_{1}, H_{2})=(H_{2}, H_{1})=1$ , $(E_{j}, E_{j})=-1$ , (69)
. $X$ $\mathbb{P}^{2}$ 9 blow up .
, $X$ Cremona $E_{8}^{(1)}$
, $\mathbb{Z}^{8}$ Painleve ([12] [10]). Pic(X) $E_{8}^{(1)}$
$\alpha_{0},$
$\ldots,$
$\alpha_{8}$ , $\alpha_{0}=E_{1}-E_{2}$ , $\alpha_{1}=H_{1}-H_{2}$ , $\alpha_{2}=H_{2}-E_{1}-E_{2}$ , $\alpha_{i}=$
$E_{i-1}-E_{i}$ , $(i=3, \ldots, 8)$ . null $\delta$ ( $=-K_{X}$ : $X$ )
$\delta=2H_{1}+2H_{2}-E_{1}-E_{2}-\cdots-E_{8}$ , (70)
, . $\alpha$ Pic(X) Kac
$T_{\alpha}( \beta)=\beta+(\delta, \beta)\alpha-((\delta, \beta)\frac{(\alpha,\alpha)}{2}+(\alpha, \beta))\delta$, (71)
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$T(E_{k})=E_{k}+(E_{i}-E_{j})+\delta$ , $(k\neq i, j)$
. , , 2 (i) (ii)
.
B Painleve
(i) (ii) , Painleve
. , .
B.l $\mathbb{P}^{1}\cross \mathbb{P}^{1}$ , $P_{1},$ $\ldots$ , Ps special 8 , $P$ .
$P_{1},$
$\ldots$ , (2, 2) pencil $P$ $C$ . $C$ ,






$M_{12}(E_{k})=H_{1}+H_{2}-E_{1}-E_{2}-E_{k}$ . $(k\neq 1,2)$
, $d_{1}H_{1}+d_{2}H_{2}-m_{1}E_{1}-m_{2}E_{2}-\cdots-m_{8}E_{8}$ $P_{1},$ $\cdots$ , $m_{1},$ $\cdots,$ $m_{8}$
$(d_{1}, d_{2})$ .
. , 4 $P,$ $P_{1},$ $P_{2},$ $Q$ , (1,1) $C$ .
$P\in E_{k}(k\neq 1,2)$ . $P$ $E_{k}$ , pencil
. , 3 $P,$ $P_{1},$ $P_{2}$ (1,1) $P_{k},$ $P_{1},$ $P_{2}$ , pencil
, $Q$ (1,1) . $E_{k}$ $M_{12}(E_{k})$ $H_{1}+H_{2}-E_{1}-E_{2}-E_{k}$
.
$P\in E_{1}$ ( $P=P_{2}$ ). $Q=(x, y)$ (1,1) (2,2) $P_{1}$
, $P\in E_{1}$ . ,
$t$
$U+tV=0$, $F+tG=0$ , (74)
. $(U,$ $V$ (1,1) $P_{1}$ , $P_{2}$ , $(U_{x}, U_{y})=(1,0)$ , (KJVy) $=$
$(0,1)$ . $F,$ $G$ (2,2) $P_{1},$ $\cdots$ , , $P_{1}$ $(F_{x}, F_{y})=(1,0),$ $(G_{x}, G_{y})=$
4 $M_{ij}(i\neq j)$ , $M_{ij}=M_{ji}=M_{ij}^{-1}$ .
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$(0,1)$ .) (74) $t$
$\psi=|\begin{array}{l}UVFG\end{array}|=0$ , (75)
$M_{12}(E_{1})$ . (3,3) , : $P_{1}(3$ $)$ , $P_{2}(2$ $)$ , $P_{3},$ $\ldots$ , P8(
1 ) . $M_{12}(E_{1})=H_{1}+H_{2}-2E_{1}-E_{2}+\delta$ .
$P$ $E_{1},$
$\ldots$ , Es . $Q=(x, y)$ $F_{22}(x, y)=F_{11}(x, y)=0$
. $F_{22},$ $F_{11}$ , $P=(f, g)$ , (2,2) , (1,1) . $F_{11}(x, y)=0$
$y= \frac{Ax+B}{Cx+D}$ ( $(f,$ $g)$ (1, 1) $P_{1},$ $P_{2}$ ). $F_{22}(x, y)=K(x)+$
$L(x)y+M(x)y^{2}=0$ ( $x$ 2 , $(f,$ $g)$ (2,2) $P_{1},$ $\ldots$ , )
,
$K(x)(Cx+D)^{2}+L(x)(Ax+B)(Cx+D)+M(x)(Ax+B)^{2}=0$ , (76)
. $x-f$ $x$ 3
$R+Sx+Tx^{2}+Ux^{3}=0$ , (77)
( $(f,$ $g)$ (3,4) , $P_{1}(3$ ), $P_{2}(3$ ), $P_{3},$ $\ldots$ , Ps( 1 ) ) . 3
2 $fi,$ $f_{2}$ 1 $x$ .
$x=-f_{1}-f_{2}- \frac{T}{U}=:\frac{V}{W}$ , (78)
. $V,$ $W$ $T,$ $U$ $(f, g)$ (3, 4) . $H_{1}$ :x $=$ c(
$)$ $M_{12}(H_{1})=M_{12}^{-1}(H_{1})=3H_{1}+4H_{2}-3E_{1}-3E_{2}-E_{3}-\cdots$ –Es
. $M_{12}(H_{2})$ .5 $\square$
Painleve , $M_{ij}$ . Painleve
, $P_{1},$ $\cdots$ , Ps special , (i) $T_{ij}(P_{i})$ 7 $P_{j}$
$(j\neq i)$ special . , (ii)
:
$T_{ij}(P)=M_{ik}M_{jk}(P)$ . $(k\neq i, j)$ (79)
, $Q=M_{jk}(P)$ $T_{ij}(P)=M_{ik}(Q)$ , $P+Q+P_{j}+P_{k}=0,$ $Q+T_{ij}(P)+$








.6 $T_{21}$ : $(f, g) \mapsto(\frac{F_{1}(f,g) }{F_{2}(f,g)}, \frac{G_{1}(f,g)}{G_{2}(f,g)})$ $F_{1},$ $F_{2}$ , $(f, g)$
(5, 4) $P_{1}(4$ $)$ , $P_{3},$ $\ldots$ , Ps( 2 ) .
$C$
, Painleve $P_{VI}$ , . $P_{VI}$
Hamiltonian





$(a_{0}+a_{1}+2a_{2}+a_{3}+a_{4}=1)$ (81) , $\mathbb{P}^{1}\backslash \{0,1, t, \infty\}$ Fuchs
$\frac{\partial^{2}y}{\partial z^{2}}+(\frac{1-a_{4}}{z}+\frac{1-a_{3}}{z-1}+\frac{1-a_{0}}{z-t}-\frac{1}{z-q})\frac{\partial y}{\partial z}$
$+ \{\frac{a_{2}(a_{1}+a_{2})}{z(z-1)}-\frac{t(t-1)H}{z(z-1)(z-t)}+\frac{q(q-1)p}{z(z-1)(z-q)}\}y=0$ ,
(83)
$\frac{\partial y}{\partial t}+\frac{z(z-1)(q-t)}{t(t-1)(q-z)}\frac{\partial y}{\partial z}+\frac{zp(q-1)(q-t)}{t(t-1)(z-q)}y=0$, (84)
. (83), (84) $P_{VI}$ Lax . Lax
, $(X :Y:Z)\in \mathbb{P}^{2}$ :
$q= \frac{Z}{Z-X}$ , $p= \frac{Y(Z-X)}{XZ}$ . (85)
, .
C.l (83) , $\mathbb{P}^{2}$ 4 $F(X, Y, Z)=0$ ,
:
$F(O, 0,1)=F(1, -a_{2},1)=F(1,0,0)$
$=F(O, a_{3},1)=F(1, -a_{1}-a_{2},1)=F(1, a_{4},0)=0$ ,
$F((t-1)\epsilon, 1, t\epsilon-a_{0}t\epsilon^{2})=O(\epsilon^{3})$ ,
$F((z-1)\epsilon, 1, z\epsilon+z\epsilon^{2})=O(\epsilon^{4})$ , (86)
$F( \frac{1}{z},$ $\frac{1}{y}\frac{\partial y}{\partial z},$ $\frac{1}{z-1})_{z\mapsto z+\epsilon}=O(\epsilon^{2})$ .
6 $x\mapsto y\mapsto z$ $z=z(y)$ $y$ $y=y(x)$ :
$z/.\{zarrow z(y)\}/.\{yarrow y(x)\}$ (Mathematica ).
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, 2 Lax (84) 2 $R(X, Y, Z)=0$
.
$R(O, 1,0)=R(1,0,0)=0$ ,
$R((t-1) \epsilon, 1, t\epsilon-\frac{t^{2}(t-z)}{z}\frac{1}{y}\frac{\partial y}{\partial t}\epsilon^{2})=O(\epsilon^{3})$ , (87)
$R( \frac{1}{z}, \frac{1}{y}\frac{\partial y}{\partial z}, \frac{1}{z})=0$.
$P_{VI}$ Lax ,
. $F(X, Y, Z)$ , $z,$ $y(z)$ 9 , Hamiltonian $H$
(82) 3 pencil [9] .
$X=0$ $Z=0$
, . (82) Hamiltonian
$H$ , , (83) $z=q$ .
, (83) , $z=q$ $0,2$ ,
. 3.1 Lax (Ll) ,








$L_{1}$ : $\overline{y}+p_{1}y+p_{2}\underline{y}=0$ ,
(88)
$L_{2}$ : $\dot{y}+ay+b\underline{y}=0$ .
, $Y=\{\begin{array}{l}yy-\end{array}\}$ , $\overline{Y}=\{\begin{array}{l}\overline{y}y\end{array}\}=\{\begin{array}{l}-p_{1}y-p_{2}\underline{y}y\end{array}\}$ ,
$\overline{Y}=AY$, $A=\{\begin{array}{ll}-p_{1} -p_{2}1 0\end{array}\}$ . (89)
, $L_{2}- \frac{b}{p_{2}}L_{1}=0$ ’ $c= \frac{bp_{1}}{p_{2}}-a$ ,
$L_{3}$ : $\dot{y}-cy-\frac{b}{p_{2}}\overline{y}=0$ , (90)
. ,
$\dot{Y}=BY$, $B=\{\begin{array}{ll}-a -b\frac{\underline{b}}{\underline{p_{2}}} \underline{c}\end{array}\}$ , (91)
. Lax (89, 91) $\overline{Y}=\overline{\dot{Y}}$, ,
$\dot{A}B=\overline{B}A$ , (92)





, $\underline{c}L_{2}+b\underline{L_{3}}=0$ , , $\overline{a}L_{3}+\frac{b}{p_{2}}\overline{L_{2}}=0$ ,
$L_{4}$ : $\underline{c}\dot{y}+b\underline{\dot{y}}+dy=0$ ,
$L_{5}$ : $\overline{a}\dot{y}+\frac{b}{p_{2}}\overline{\dot{y}}-\overline{d}y=0$ ,
(94)
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$d=a \underline{c}-\frac{b\underline{b}}{\underline{p_{2}}}$ , , $\overline{d}L_{4}+dL_{5}=0$ ,
$bd-$
$L_{6}$ : $\overline{p_{2^{y+(\overline{d}\underline{c}+i\overline{a})\dot{y}+\overline{d}b\underline{\dot{y}}=0}}}$, (95)





. , RIMS 0 )
. No17340047, No 21340036 .
References
[1] D.Arinkin and A.Borodin, Moduli spaces of d-connections and difference Painlev\’e
equations, Duke Math. J. 134 (2006) 515-556.
[2] D.Arinkin, A. Borodin and E. Rains, Talk at the SIDE 8 workshop (June, 2008) and
MPIM (July 2008).
[3] D.Arinkin and S.Lysenko, Isomorphisms between moduli spaces of $SL(2)$ -bundles with
connections on $\mathbb{P}^{1}\backslash \{x_{1}, \ldots, x_{4}\}$ , Math. Res. Lett. 4 (1997) 181-190; On the moduli of
$SL(2)$ -bundles with connections on $\mathbb{P}^{1}\backslash \{x_{1}, \ldots, x_{4}\}$ , Internat. Math. Res. Notices 19
(1997) 983-999.
[4] P.Boalch, Quivers and difference Painleve equations, arXiv:0706.2634.
[5] A.Borodin, Discrete gap probabilities and discrete Painleve equations, Duke Math. J.
117 (2003) 489-542; Isomonodromy transformations of linear systems of difference
equations, Ann. of Math. (2) 160 (2004) 1141-1182.
[6] B.Grammaticos, F.W.Nijhoff and A.Ramani, Discrete Painlev\’e equations, in “The
Painlev\’e Property: One Century Later”, R.Conte ed., CRM Series in Mathematical
Physics, Springer-Verlag, (1999) 413-516.
[7] M.Jimbo and H.Sakai, A q-analog of the sixth Painlev\’e equation, Lett. Math. Phys.
38 (1996) 145-154.
200
[8] K.Kajiwara, T.Masuda, M.Noumi, Y.Ohta and Y.Yamada, $10^{E_{9}}$ solution to the ellip-
tic Painlev\’e equation, J. Phys. A36 (2003) L263-L272.
[9] K.Kajiwara, T.Masuda, M.Noumi, Y.Ohta and Y.Yamada, Cubic pencils and
Painlev\’e Hamiltonians, Funkcial. Ekvac. 48 (2005) 147-160.
[10] M.Murata, New expressions for discrete Painleve equations, Funkcial. Ekvac. 47
(2004) 291-305.
[11] E.Rains, An isomonodromy interpretation of the elliptic Painlev\’e equation. $I$,
arXiv$:0807.0258v1$ .
[12] H.Sakai, Rational surfaces with affine root systems and geometry of the Painlev\’e
equations, Commun. Math. Phys. 220 (2001) 165-221.
[13] Y.Yamada, Pad\’e method to Painlev\’e equations, Funkcial. Ekvac. 52 (2009) 83-92.
[14] Y.Yamada, Talk at the Workshop: “ Elliptic integrable systems, iso-monodromy prob-
lems, and hypergeometric functions” 21-25 July, 2008, ${\rm Max}$ Planck Institute for Math-
ematics.
[15] Y.Yamada, A Lax formalism for the elliptic difference Painlev\’e equations, SIGMA,
5 (2009) 042 (15 pages).
201
